AIAA JOURNAL
Vol. 40, No. 11, November 2002

Numerical Investigations on Dynamics and Heat Transfer
in a Turbulent Underexpanded Jet

Yann Bartosiewicz,* Yves Mercadier,” and Pierre Proulx®
Université de Sherbrooke, Sherbrooke, Québec JIK2R1, Canada

A fully elliptic Navier-Stokes equation solver in conjunction with a Reynolds stress model is validated for mildly
and strongly underexpanded jets. For mildly underexpanded jets, good agreement has been found compared
to available measurements for the shock reflections. The model even demonstrated some improvements over a
three-dimensional modified k-e model for turbulent predictions, which confirms the inadequacy of isotropic eddy-
viscosity-based models to represent properly the turbulence in those flows. For the strongly underexpanded case, the
predicted Mach disk location and size are found to be in excellent agreement compared to available measurements.
In addition, the predicted flow structure beyond the disk agrees with experimental observations. An attempt is
also made to explain the strong coupling between some dynamic features and heat transfer aspects. The sonic line
location is revealed to be an important parameter in understanding the global dynamics/heat transfer coupling.
In addition, it is demonstrated that a fraction of heat dissipation may be given back to the flow and boost its
temperature, which may be useful for spraying applications.

Nomenclature
a = sound speed, m/s
C, = specific heat, J/K-kg
D = nozzle exitdiameter or jet diameter, m
dg = heatquantity, J/m?
E = totalenergy,J/kg
lg, = turbulentintensity
k = turbulentkinetic energy, m?/s
M = Mach number
P = static pressure, Pa
R = nozzleexitradius or jet radius, m
r = gas constant, J/K -kg
T = static temperature, K
T, = jettotal temperature, K
U = mean velocity, m/s
u = axial velocity, m/s
u' = fluctuating axial velocity, m/s
v = radial velocity, m/s
v = fluctuating radial velocity m/s
X = axial position, m
Y = radial position, m
o = thermal conductivity, W/m - K
8;j = Kroneckersymbol
€ = turbulentdissipationrate, m?/s®
= molecularviscosity,kg/m - s
Heft effective viscosity, kg/m - s
i, = turbulentviscosity, kg/m-s
o = mass density, kg/m®
Subscripts
a = ambient or coflow
e = nozzle exit

s = along the sonic line
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I. Introduction

NDEREXPANDED, axisymmetric freejets are simple flows

involvingsome complex phenomenasuch as turbulentmixing,
compressibility effects, and heat transfer coupling. Therefore,
knowledge of the dynamic and energetic features of underex-
panded jets is very useful in many engineering tools. The ability
to predict the detailed structure of such flows has a wide range
of practical applications such as the design of rocket exhausts,!
fuel injectors,? and vehicle maneuvering thrusters, and the conse-
quences and risk assessment* of leaks of high-pressure gases or
shocknoise features.’ Of particularinterestin the presentwork is the
use of such predictionmethods to jets employed for plasma spraying
applications® Knowledge of the dynamic and energetic structures
existingin this flow type is potentially useful for the plasmajets cre-
ated by dc plasma torch’ and may also be useful for the optimization
of particlesinjection or the position of the spray receiving substrate.
Depending on the pressure ratio P,/ P,, the jet may present differ-
ent topologies and structures, and it may be called either mildly
underexpandedor strongly underexpanded.

Many studieshave been carriedouton thissubjectsince the 1980s.
Most of the previous studies®*#~10 were devoted to turbulence and
physicalmodel validation,and they were only focused on the shock’s
location/amplitude and their size being relatively simple to mea-
sure directly. Consequently, other features or potential applications
of these underexpanded jets were often neglected. However, some
studies examined new features such as shock reflection hysteresis'!
or shock noise’ For the turbulence modeling, most rely on various
two-point closure models such as k—€ or kK — @ with an aditional
compressibility correction’™>#10 or a multiscale effect.” Neverthe-
less, those models are still limited for axisymmetric flows,'>!* and
they are not suited for the entire jet flow computation. They rely on
the Boussinesq hypothesis, which supposes that turbulent kinetic
energy is equally distributed to all fluctuating velocity components.
However, itis known that the axial turbulenceintensity is larger than
the others. Even with a compressibility correction, the k—e model is
too dissipativeand provides too smoothed shocks and a slight phase
error in theirlocation®!? without making some ajustments or empir-
ical calibrations> However, with a three-dimensional computation,
itseems that these errors are smoothed away and the compressibility
corrected k—e model, with its standard constants, provides reason-
ably goodresultsin the near-field region (up to X /R ~ 40) for the lo-
cationof the shock cells® for both types of underexepandedjets: This
effort, however, leads to substantial increases in memory and CPU
time requirements. In addition, even if the k— model is able to give
acceptable results for the mean flowfield, it has been proven that it
provides some inconsistenciesor nonphysicalresults for turbulence
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predictions.*!'* For numerical models, although some authors use
Euler equations'®!” and/or parabolized models,}~1° the elliptic ver-
sion of the full Naviers—Stokes equations seems better suited for
general application to a wide range of jets (sonic release)>*!8
In addition, finite volume discretization, upwind schemes,? time-
marching techniques*? and grid adaptation®!” all contribute to
capture shocks accurately and to reduce the numerical diffusion.

A major failure of most previous numerical as well as experimen-
tal studies is the lack of any detailed knowledge about heat transfer
phenomena and their coupling with the dynamic characteristics of
these kinds of flows. Only Dash et al.!” reported a faster mixing
observed for a hot jet in comparison to a cold one, but no detailed
study was conducted on heat transfer aspects and the parameters
that drive them.

The current study is a primary work to understand the strong cou-
pling between the compressibility, turbulence, and heat transfer in
underexpanded air jets. Knowledge of dynamic and energetic fea-
tures of underexpanded simple gas jets is necessary to afford more
complex gas mixtures. The objective of this work is to set up a ro-
bust model for the simulation of underexpanded turbulent plasma
jets where the gas may be considered as a mixture of electrons, ions,
and atoms and where measurements become more difficult. First,
code validation for both mildly and strongly underexpanded jets is
explored. For both cases, the numerical predictions are compared
to available experimental data, or other numerical and theoretical
studies. Then, because no extensive study of heat transfer has been
completely achieved in the past studies, the focus is turned to that
aspect. The influence of the jet temperature on the turbulentdynam-
ics is investigated. Finally, a heat transfer feature and its coupling
with the dynamic characteristics of these jets is studied.

II. General Description of an Underexpanded Jet

The flow pattern of a jet issuing from a convergent nozzle de-
pends primarily on the pressure ratio at the nozzle exit. Basically,
three types of flows are possible, depending on this ratio. If the
pressure ratio is exactly one (P, /P, = 1), the jet is fully expanded
and no shock occurs. If the pressure ratio is in the range P,/P,
from 1.1 to 2.1, the jetis said to be mildly underexpanded (Fig. 1a).
This pressure difference is resolved locally across an expansion
wave network from the nozzle edge and compression waves that
involve oblique shocks. The expansion waves are reflected as com-
pression waves from the constantpressure free boundary, giving rise
to a multicell barrel-shaped structure. For a high enough pressure
ratio, these compression waves coalesce to form an axisymmet-
ric curved shock, which propagates across the centerline (Fig. 1a).
Many experimentaP or numerical®*® studies have been carried out

Prandtl-Meyer expansion

Secondary exponsion

a)

Secondary expansion

Incident shack

b)
Fig.1 Underexpanded jet configurations: a) mildly and b) strongly.

on such flows, and they were generally focused on the mean flow
dynamics and the ability to predict shock waves spacing and decay.

For higher pressure ratios, the distance separating the incident
and the reflected shocks decreases so much that a normal shock is
formed around the centerline and is called a Mach disk. Figure 1b
shows this flow configuration. Downstream of the Mach disk, the
flow becomes subsonic and is bounded by a slip stream emanating
from the triple point and may or may not become supersonic again
depending on the pressure ratio. For these jets, many experimental'®
as well as theoreticaP%~?2 (characteristic method) or numerical®!”
investigations have been conducted. Most of them®!” dealt with
the Mach disk location and size. [An experimental investigation
was also carried out by C. Peters, Arnold Engineering Development
Center, Arnold Air Force Base, Tennesee, in 1973 (private commu-
nication).]

The supersonickubsonic region is delimited by the sonic line
(M =1 in Figs. la and 1b). This constant pressure free boundary
represents shock wave terminations %! In the near-field region, its
location increases because the jet tends to accelerate due to its un-
derexpanded nature; the sonic condition is then closer to the coflow
(here a subsonic coflow) than the jet. However, as the jet decelerates
downstream because of viscous mixing, there exists a point where
the jet becomes closer to the sonic condition than the outer flow
does. The sonic line location starts to decrease and reaches the axis,
where the jet becomes exactly sonic. Moreover, as this line is the
termination point of shock reflection, it is responsible for the shock
cell spacing’

III. Mathematical Models

Governing Equations

The flow from a circular nozzle is governed by the steady-state,
axisymmetric form of the fluid flow conservation equations. For
brevity, these equations will be expressed in Cartesian tensor form.
For variable density flows, the Favre averaged Navier-Stokes equa-
tions are more suitable and can be written for the mass, momentum,
and energy conservation.

Continuity:
P+ Louy=0 (1)
=+ —(ouy) =
ot Bx[ p
Momentum:
Du; 3P n Rl ou; +8uj 26 ouy
PDr T Tow x| M\ oy, T o 3%
9 -
+37j(_pu[uj) 2)

with the velocity representing the mass-averaged values.

The turbulent heat transportis modeled using the Reynolds anal-
ogy to turbulent momentum transfer. The modeled energy equation
is, thus,

9 9 9 Cou,\ 9T
E(DE)-FE[W(,OE-FP)]:E Of+P— E-Fuj(fzj)eff

rt

3)

where E and T are the mass-averaged values and (t;;) is the stress
tensor, defined as

@) ou; + ou; 2 Bu[6 @)
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The term 7;; is the viscous heating due to the dissipation. The default
value of the turbulentPrandtlnumber P, , is setto 0.85. The turbulent
viscosity i, is computed similarly to the k—e model (C,, = 0.09):

e = pC,(k*/e) &)
The equationof state for perfectgasesis addedto close the system:

P/p=rT (©6)
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The temperature dependence of the transport and thermodynamic
properties has been taken into account because shocks may involve
large temperature gradients. All of the properties, C,,, 1, and k,
are evaluated by means of a sixth-order polynomial curve fitting?*
from the tables of air properties?* These laws are accurate to within
approximately £2% of the value listed in the tables for a temperature
range between 100 and 2500 K.

Turbulence Modeling

In a recent paper,’ several second-moment-order closure mod-
els have been compared with the Reynolds stress model (RSM),
especially for the mildly underexpanded jet. All of the tests were
performed with the published constants. The RSM has been foundto
do the best overall job, even though some further tests were needed
for the strongly underexpanded case. This is a more elaborate tur-
bulence model in so far as an isotropic eddy viscosity (Boussinesq
hypothesis)is no longer assumed. Nevertheless, its cost in compu-
tation time may be more important than simpler models because it
adds four additionnal equations in two dimensions, but this draw-
back is overcome by a good k—¢ initilization. The RSM used in the
present work may be expressedin a simple form as

5

d — D -
E(pu[’uj’)+B—Xk(uk,ou[’uj’)=D[Tj+D[Lj+P[j+¢;j+€[j @)

where DT, D[Lj, P;, ¢;;, and ¢; are the turbulent diffusion, the
molecular diffusion, the stress production, the pressure strain, and
the dissipation. Of the various terms in these exact equations, D[Lj
and P;; do not require any modeling. They can be written as

] ]
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Unfortunately, several terms in the exact equations are unknown,
and modeling assumptions are required to close the system. These

terms are D[Tj, ¢;j,and€;;, and they are written in the exactequations

as
DI = 0 P
i = —a_xk[,ouz”j”k + P(Oyju; + iuey)] (10)
_p ou; + ou; (an
i = 0x; ox;
- du; ou; (12)
€= ax; 0xy

The complete modeling details of the term D[ and ¢;; may be
found in Refs. 26 and 27. The dissipationrate €;; is computed by a
transport equation identical to that used in a k—e model. Moreover,
a dilatation—dissipationterm is added to the € expression,according
to Sarkar and Balakrishnan®® and Sarkar et al.*® proposals, to take
into account the reduced spreading rate observed in compressible
mixing layers®:

€ij = %31'](,06 + Yu) (13)

where Y, =2pe€ M,z. The turbulent Mach number M, is defined as
M, = /(k/a*). The turbulent kinetic energy is obtained by taking
the trace of the Reynolds stress tensor k = %u[ 'u;’. For the Reynolds
stress boundary conditions, it is difficult to set directly the stresses
ata flow inlet. An alternate method is to make the assumptionof tur-
bulence isotropy and, thus, compute the stresses from the turbulent
kinetic energy:

u? = 2k (14)

u'u’ =0 (15)

The boundary values of k and ¢, thus, may be obtained from the
turbulence intensity and turbulent viscosity ratio. For instance, a
tubulence intensity of 5% and a turbulent viscosity ratio of about 2
are typical of a fully developed turbulence in a pipe.

Computational Procedure

Integration of the conservation equations (continuity, momen-
tum, and energy) was performed using a second-orderfinite volume
scheme. Consequently, the equations are discretized following a
conservative finite volume technique, with values of the dependent
variables stored at the cell centers of the computational mesh. Dif-
fusion and source terms are computed using a second-order central
difference. The inviscid fluxes are derived using a second-orderflux
difference splitting>! The latter technique is derived from conven-
tional Roe’s flux splitting,*> where the system was a time derivative
preconditionedto rescaleits eigenvaluesto overcome the numerical
stiffness encountered at low Mach numbers. The inviscid terms in
the Roe scheme are cast in the form of an approximate Riemann
problem. The interface flux is determined by separate terms, which
depend on the quantities on the upstream and downstream sides of
the face. The current form of the inviscid fluxes at each interface
can be viewed as a second-order central difference plus an added
matrix dissipation. This latter term allows an upwinding required
for stability, and the information passed through the face contains
the flow characteristics. The detailed procedure of the flux splitting
may be found in Refs. 31 and 32.

Other scalar equations, such as turbulence, are discretized by the
same technique (second-order central difference for the diffusion
terms and second-orderupwind scheme for the advection term), but
solved separately, whereas the governing equations are solved with
a couple approach. The linearized implicit scheme is then obtained,
using an Euler implicit discretizationin time, in conjunction with a
Newton-type linearization of the fluxes.*® The resulting block sys-
temis solvedusinga point Gauss—Seidel scheme. The desired steady
state is obtained using a time-marching approach, where the time
step is set up by a Courant—Friedrichs—Lewy (CFL) number.

Numerical Accuracy
The criterion for assessing convergence was based on the root
mean square of the density residues expressed by

’ (16)

where N is the number of grid points. At convergence, the mass
imbalance applied to the whole domain is

Zmin

In the same way, the total energy imbalance is checked and is
about 1 x 107*.

During the first iterations, the CFL number is set to 0.5 because
changes in the solution are highly nonlinear, and it is progressively
increased as the solution progresses. Its maximum may be larger
than 1 (with4 the maximum value reached)due to the linear stability
theory for implicit schemes.

In this work, a triangular mesh is used in conjunction with
an adaptative procedure following the Mach number and density
gradients3* This method is unavoidable because the shock reflec-
tion location may vary widely with the operating conditions. Never-
theless, a grid-convergencestudy has been made to check the axial
and radial accuracy of the final mesh. The final grid has shown less
than 5% of difference with the previousadaptation step for axial and
radial Mach profiles (not shown). Once adapted, the computational
domain (Fig. 2) has about 30,000 cells.

<1x1073 (17)

IV. Computational Domain and Boundary Conditions

Figure 2a shows the general dc plasma spraying system, the par-
ticular interest of the present work. The plasma is formed between



2260

OPEN _BOUNDARY

OUTLET
QUASI-STATIC
AMBIENT
I O
D
B QUASI-STATIC
AMBIENT
A E
T N
L___J_E__ZE_E _______ _

b)

Fig.2 Computational domain and boundary conditions.
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Fig. 3 Shock reflection lengths.

the anode and cathode and then acelerated through a convergent—
divergent nozzle. The supersonic jet may be used, for instance, to
spray some specific particles to coat a surface. Nevertheless, in the
present study, the plasma generation device will not be modeled
because the complex coupling between dynamics and heat transfer
occurringin simpler gas flows must first be understood. The compu-
tationaldomainis an axisymmetricrectangle (Fig. 2b). The initial jet
radius is equal to that of the exit nozzle (1 cm). The outer boundary
is located 7 radii from the jet lipline in the transverse direction and
40 radii in the streamwise direction and will be extended to 80 radii
for the heat transfer study. In Fig. 2, condition A is the nozzle exit:
At this inlet boundary, all of the flow properties are imposed be-
cause the incoming flow is supersonic. Boundary conditions B and
C denote a parallel coflow, which may be subsonicor supersonic. At
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Fig.4 Axial pressure and axial turbulent intensity.
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F, a symmetry conditionis applied with n - v =0. Conditions D and
E are outlet conditions, which depend on the flow characteristics.If
the flow is subsonic, ambient pressure with P, =1 atm is imposed,
butif the flow is supersonic,all of the properties will be extrapolated
from the interior of the domain. At the inlets, there is a turbulent
intensity of 5%, and a turbulent viscosity ratio is set equal to 2.
In this work, the jet static temperature, the pressure ratio, and the
coflow Mach number can be ajusted, whereas the ambient pressure
is kept to a constant value of 1 atm.

For a good initialized solution, the flow is computed in a first step
by a standard k—e model, and the obtained solution is then used for
the initialization with the RSM. This method leads to a reduction of
the overall computation time.

V. Validation of the Numerical Model

Mildly Underexpanded Jets

For the validation work, only isothermal jets have been simulated
to be compared to the available experimental data. In this way, the
static temperature of the jet at the nozzle outlet section will be
considered the same as the ambient temperature and will be taken
tobe 300 K: T, =T, = 300 K. The minimum coflow Mach number
is set to 0.001 to ensure numerical stability and may be adjusted if
needed.

In this section, a Mach 2 (M, =2) jet has been simulated for
two different pressure ratios. For the first one, P,/P, is set to
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1.3, and the numerical predictions of the shock’s reflection lengths
(Fig. 3a) are compared to the measurements of Love et al.*> For
the first reflection, the numerical predictions give L1/R =2.75 vs
the measurement L1/R =3, whereas for the second reflection,
the present code predicts L2/R=5.5 vs the experimental data
L2/R =5.2. Because the maximum error is about 8.3%, it shows
that the initial expansion and the sonic line position are properly
represented.

For the secondjet, the pressureratiois P,/ P, = 1.47 and matches
with that of the experimental work of Dash et al.’ The results are
also compared with those of Pao and Abdol-Hamid® obtained with
a three-dimensional modified k—€ NASA code (PAB3D). Figure 4
shows the predictions for the centerline static pressure (Figs. 4a
and 4b) and the longitudinal tubulence intensity (Fig. 4c). From
Figs. 4a and 4b, it appears that the first peak is underpredicted
by about 15% for the both models, but the difference decreases
downstream because the jet no longer experiences the initial condi-
tions. This might be solved if an inviscid model were used in this
region.!® However the RSM seems to give as good or even better
results as the three-dimensionalmodified k—€ model up to the loca-
tion X /R = 35 and with a lower CPU time and memory requirement
than a three-dimensional simulation. For the last shock cell, a slight
phase error is observed, which may be attributed to the proxim-
ity of the outlet condition. Dash et al.> reported this observationin
their code and attributedit to a velocity entrainment-inducedeffect.
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Fig.5 Mean streamwise velocity profiles at different axial stations.
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Table 1 Mach disk location and size

Case 1736 (Case 220.36a Case 320.36a Case 4419.36

Method Xd/R Yd/R Xd/R Yd/R Xd/R Yd/R Xd/R Yd/R
Numerical 462 11 @ — — —— —— 336 062
Theoritical — —— 988 1.27 13.06 222 — ——
Empiric formula 4.7 —— 1267 — 173 —— 35 ——
Measurements —— —— 992 —— 13.16 —— 3.16 0.59
RSM 4.8 1.05 102 1.25 133 2.11 333 0.6

aPrivate communication, C. Peters.

Figure 4b shows the influence of the coflow Mach number, which
has been set to 0.15. As already observed by Dash et al., the near-
field region is not influenced by the coflow properties, unlike the
region X/R > 35, where the shock spacing and strengthis changed.
They also argued that a flight Mach number may solve the problem
of the velocity entrainment-induced effect and an M, =0.15 may
be representative for these conditions’

Figure4c demaastratesthatthe RSM predictsthe axial turbulence
intensity Iy, = /(u’*/U,) along the jetlipline (Y = R) betterthanthe
k—e model. The maximum error compared to the experimental data
is about 7%. This is mainly attributed to k—€ models that assume an
equally fluctuating velocity distribution and then an isotrope turbu-
lence intensity. Therefore, a directional turbulence intensity should
be computed empirically’ from k = (> + v'> + w'*) /2 with these
two-point closure models.

Strongly Underexpanded Jets

For these jets, many experimental'® as well as theoreticaP’~?
(characteristic method) or numerical®"!7 investigations have been
conducted. Most of them dealt with the Mach disk location and
size (Fig. 3b)*!7 (also private communication, C. Peters). Four tests
have been carried out to validate the model against measurements,
theoretical studies, and other numerical results. The Mach numbers
for the different cases have been set to 1.01, 2.44, 2.44, and 1,
while the matching pressure ratios were 6.69, 5.75, 10.7, and 3.57,
respectively. For those tests, just a stabilizing flight Mach number
M, =0.001 has been applied.

The results for the Mach disk location and size (Fig. 3b) are
presented in Table 1. The maximum error compared to measure-
ments for the Mach disk location is about 4.4%, and the agreement
for the disk size is even better. Table 1 also shows that the empirical
formula proposed by Ashkenas and Sherman’® for the Mach disk
locationdoesnot give accurateresults forrelatively high Mach num-
ber. Figure 5 shows the comparisonbetween experimentaldata'® and
the present model, for the flowfield beyond the Mach disk with op-
erating conditions matching with the case 4. The radial profiles of
the mean streamwise velocity are compared at different axial sta-
tions after the Mach disk (Fig. 5). For the first three stations, the
agreement is reasonably good except near the axis, where it is dif-
ficult to measure. At X/D =1.96 and X/D =3.92, it is shown that
the jet is subsonic and sonic close to the axis region. These predic-
tions illustrate the presence of a subsonic zone behind the disk and
the occurrence of a second Mach disk between these two stations,
which has been verified experimentally!® For the last station, a sig-
nificant differenceis observed between the measured and computed
values. Nevertheless, Donaldson and Snedeker'® stated that their
measurements were subjected to the influence of a flapping insta-
bility, making the jet oscillate about its mean position and tending
to flatten the profiles.

VI. Heat Transfer and Dynamics Coupling

Influence of Jet Temperature on Dynamics

The exit temperature of the jet is changed while the ambient tem-
perature is kept constant, and the goal of this study is to reveal
the effects of this change on the turbulent dynamics. However, our
primary interest is for hot jets to form the basis of work on more
complex, but qualitatively the same.® highertemperature flows, such
as plasmas. Actually, the jet temperature is progressivelyincreased
by boosting the inlet total temperature yet retaining the same Mach

e o
©
T TTTTTUITIrTT

0.6
05 ®
2
0.4 >
03 NN
WA
L N
T, = 300K \
— — — - T,=630K \
02 - T, = 1355K B
| | I | [ T R N B SR N
20 40 60 80
a)
X/R
T T T T I T T T I ||||||||||||||||||||||||
r —— T,=300K
- — — - T,=630K
———-= T, =1355K
- \ \ ‘ -
A
WAVAVLY
1 N\ " VA
N = % QW\
L | _g‘”
=
0 I I T N R R B B A A A NN RN SRR A
10 20 30 40 50 60 70 80
b)

Fig. 6 Nondimensionnal centerline velocity and Mach number.

number. The trial cases were an M, =2 jet with a pressure ratio
P,/P,=1.3 and an M, =0.15 flight Mach number. Three exit tem-
peratures have been tested, 300, 630, and 1355 K, while the coflow
temperature is maintained at 300 K. The 300-K jet exhausting into
the 300-K ambient will be henceforth described as the isothermal
case.

For this test, the dynamics of the shocks reflection has been pre-
viously checked. Figure 6 shows the centerline axial velocity and
the Mach number. It appears that the initial mixing ends around
X /R =35 (Figs. 6 and 7a) for the isothermal case, which agrees
well with predictions or experimental observations? In addition,
for hot jets, it is shown that the mixing is significantly faster than
thatin the isothermal case (Fig. 6a). In this case, the initial mixing is
up to about X/R = 30, and the transition is also faster. That is con-
firmed by the turbulencelevel, which is higher for the hot jets in the
transitionzone at the end of the initial mixing (Fig. 7a). Moreover, it
is clear that this transitionbegins near X /R ~ 20 (Fig. 7a). It is also
shown that, after this first mixing zone, turbulent kinetic energies
are inversely ranked following the jet exit temperature: Indeed, the
fluctuating velocity is higher for the isothermal case unlike in the
transition zone (Fig. 7a). However, the local turbulence intensity,
defined as /(u'u’ +v'v' +u'v') /U, is still higher for the hot jets.
Note that the changes in the dynamics are more important between
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Fig.7 Evolution of the local Reynolds stresses; sonic line location.

a 300-K jetand a 630-K jet than between the 630-K and the 1355-K
jet; this effect is attributed to the changes in the properties of air in
this temperature range.

Figure 7b shows the effect of the jet temperature on the sonic
line position, which will be revealed as a determining parameter
for the dynamics and heat transfer coupling in those flows. The
location of this line depends primarily on the difference between
AM,=M; —M,and AM;=M; — M, where M; =1 is the Mach
number along the sonic line. In the near-field region, AM, > AM;,
and the sonic line location tends to increase (Fig. 7b) because the
sonicconditionis closer to the coflow thanthe jet. Nevertheless,dur-
ing the transition of the initial mixing, the centerline Mach number
decreases, and the condition AM, < AM; occurs at approxima-
tively X /R ~ 32. From this point, the sonic line location decreases
slightly and falls drastically to the axis position (Fig. 7b) from the
end of the initial mixing zone (from X /R ~ 40 for the isothermal
case). At X/R ~ 52, the sonic condition reaches the axis (Fig. 7b),
and the jet becomes subsonic downstream of this point. In addition,
itis shown that, for the hot jets, the sonic line is located below its po-
sition for the isothermal case, and a slight dephasing is emphasized
from the transition point X /R ~ 20 and appears on the centerline
Mach number (Fig. 7b).

Heat Transfer Aspects

Figure 8a presents the centerline temperature for the three earlier
given jet exit temperatures. It appears that, for the isothermal case,
the temperaturestartsto increasefrom X /R ~ 23 andreachesa value
of 348 K at X/R ~ 52, which is higher than the exit jet or coflow
temperature and even higher than the compression temperature just
behind any shock cells. After this maximum value, the tempera-
ture decreases to the ambient conditions farther downstream. This
feature does not take place for the hotter jets (Fig. 8a), where the
temperature decreases normally with the turbulent mixing to reach
the ambient value. It is also shown that this phenomenon is related
to the sonic line temperature (Fig. 8a). The temperature along this
line is a representative value of that in the jet/coflow mixing layer.
In this region, the flow reaches a momentum and a thermal equi-
librium between the inner jet and the outer coflow. From a thermal
point of view, thermal equilibriumis reached between the two flow
initial temperatures and the heat generation coming from the kinetic
energy, which is transformed into thermal energy through the vis-
cous dissipation. Because the temperature of hot jets is much higher
than that of the ambient, the resulting temperature in the mixing
layer or along the sonic line is lower than the jet temperature,unlike
what happens in the isothermal case. In addition, the sonic line cuts
the mixing layer into a subsonic and a supersonic part. Because the
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Fig.8 Temperature along the axis and the sonic line; lower edge of the
mixing layer.
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supersonic part does not experience the outer flow condition, the
sonic line properties remain almost constant; the amount of heat
dissipation between the lower edge of the mixing layer and this
constant free boundary may be given back to the jet core when the
flow reaches the sonic condition [at X /R ~ 52 for the isothermal
case (Fig. 8a)].

To follow the lower edge of the mixing layer, a mixing variable
has been defined:

¢=WU-U)/U.— Uy (18)

where U, and U, are the unmixed values of the coflow and jet
velocities. From a theoretical viewpoint, the initial mixing zone may
be defined as the zone where the velocity is equal to or greater than
the exit one, or where ¢ < 0.99. Figure 8b shows the location of the
lower edge of the mixing layer for the 300-K jet. It is shown that this
line oscillates in phase with the shock reflection pattern, involving
some pinchings to the jet axis. From X/R ~ 21, these pinchings
make the mixing layer come to lap the jet centerline (Fig. 8b), which
involvessome turbulentfluid being injected at each pinching, giving
riseto the transitionof the initialmixingzone (Fig. 7a).In addition, at
each pinching,some hotter fluid coming fromthe viscousdissipation
is also injected into the jet core and boosts the temperature after a
compression (Fig. 8a).
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Fig. 9 Effect of the coflow Mach number and pressure ratio.

X/R
T T T T T
1.5E+05 [t — L=sooke T
— — — - T,=630K
| e T = 1355K
1.0E+05 - |

Sonic line

5.0E+04

dq (J/m%

0.0E+00 ¢

-5.0E+04

0 20 40 60 80

Fig. 10 Heat quantity variation for the jet and the sonic line.

Figures 9a and 9b show the effect of the coflow Mach number
and the pressure ratio on the temperature increase effect for the
isothermal jet. As the coflow Mach number increases, the maxi-
mum temperature decreases (Fig. 9a) because the heat dissipation
effect is less important. In addition, when the flight Mach number
is increased, the turbulence level and then the mixing are reduced,
which causes the shocks to be less damped and allows the centerline
temperature to be higher than that of the sonic line (Fig. 9a). When
the jet is perfectly expanded (Fig. 9b), no expansions and compres-
sions occur, but just wavelets®’ are visible. In that case, the thermal
equilibrium in the mixing layer involves a higher temperature than
that in the underexpanded case. The maximum temperature is then
slightly higher for P, /P, =1 than for P,/ P, =1.3.

Finally, the jet and coflow static temperatureshave been increased
to obtain isothermal jets with different temperatures (Fig. 10). For
this test, the pressure ratio is still P, /P, = 1.3, and the shear stress
between both flows is kept constant at all temperatures. Figure 10
shows that the quantity of heat received from the nozzle outlet,
by the jet centerline and the sonic line, is constant for the three
temperatures. This clearly shows that the heat dissipation effect is
probably the most important parameter that drives the temperature
increase observed in isothermal jets. Consequently, this aspect may
notbe attributed to a reversible transformationof kinetic energy into
thermal energy, unlike what may happen during slight expansions
and compressions in compressible flows. Indeed, in the latter case,
the temperature may rise because C, T + V2/2 may be considered
as constantalong a streamline if the flow is adiabatic and reversible
(no viscous work).

VII. Conclusions

In this work, underexpanded jets have been investigated with a
fully elliptic Navier—Stokes equationssolver, in conjunction with an
adaptive unstructured mesh and a compressibility corrected RSM.
Although this turbulence model has been used in the past for mod-
eling compressible flows,!*!% it has not been extensively used for
underexpanded jets. The validation part has demonstrated that the
model is in good agreement with experimental data as far as the dy-
namic characteristicsare concerned for the both kinds of jets. In ad-
dition, it has been shown that there is improvement over k— models
for turbulence predictions such as turbulentintensities or Reynolds
stresses, which are important in the mixing layer modeling.

Moreover, the coupling between dynamic characteristicsand the
heat transfer has been studied for mildly underexpanded jets. The
sonic line location has been revealed as a primary parameter for this
analysis. It has been shown that a fraction of energy, lost in vis-
cous dissipation, may be given back to the flow, which may lead to
an optimum temperature zone for isothermal jets. This irreversible
energy transfer and the flow transitionhave been explained as being
due to the coupling between turbulence and compressibility, which
gives rise to pinchings of the lower edge of the mixing layer. This
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observation may be useful for spraying application, where the par-
ticles’ temperature is a driving parameter of the coating. However,
some measurements are necessary and will be performed to further
investigate the thermal processes in these jets.

Acknowledgments

The authors acknowledge the financial support of the National
Sciences and Engineering Research Council of Canada. They also
acknowledge the contribution of Peter Lanigan for the reviewing
and correction of the draft manuscript.

References

'Dash, S., Pergament, H., and Thorpe, R., “Computational Models for
the Viscous/Inviscid Analysis of Jet Aircraft Exhaust Plumes,” NASA, CR
3289, 1980.

2Rebaine, A., “Simulation d’Ecoulements Internes Compressibles Lam-
inaire et Turbulents par une Méthode d’Eléments Finis,” Ph.D. Disserta-
tion, Mechanical Engineering Dept., Univ. de Sherbrooke, Sherbrooke, QC,
Canada, Feb. 1997.

3Cumber, P., Fairweather, M., Falle, S., and Giddings, J., “Predictions
of the Structure of Turbulent, Moderately Underexpanded Jets,” Journal of
Fluids Engineering, Vol. 116, Dec. 1994, pp. 707-713.

4Cumber, P., Fairweather, M., Falle, S., and Giddings, J., “Predictions of
the Structure of Turbulent, Highly Underexpanded Jets,” Journal of Fluids
Engineering, Vol. 117, Dec. 1994, pp. 599-604.

Dash, S., Wolf, D., and Seiner, J., “Analysis of Turbulent Underex panded
Jets, Part 2: Shock Noise Features Using SCIPVIS,” AIAA Journal, Vol. 23,
No. 5, 1985, pp. 669-677.

5Pfender, E., Spores, R., and Chen, W., “A New Look at the Thermal
and Gas Dynamic Characteristics of Plasma Jet,” International Journal of
Material and Product Technology, Vol. 10, No. 3-6, 1995, pp. 548-565.

7Jodoin, B., Proulx, P., and Mercadier, Y., “Numerical Study of Supersonic
Direct Current Plasma Torch,” AIAA Journal, Vol. 36, No. 4, 1998, pp. 578—
584.

8Pao, S. P, and Abdol-Hamid, K., “Numerical Simulation of Jet Aerody-
namics Using the Three-Dimensional Naviers—Stokes Code PAB3D,” NASA
TP 3596, 1996.

9 Abdol-hamid, K., and Wilmoth, R., “Multiscale Turbulence Effects
in Underexpanded Supersonic Jets,” AIAA Journal, Vol. 27, No. 3, 1989,
pp- 315-322.

10pash, S., Wolf, D., and Seiner, J., “Analysis of Turbulent Underex-
panded Jets, Part 1: Parabolized Navier—Stokes Model, SCIPVIS,” AIAA
Journal, Vol. 23, No. 4, 1985, pp. 505-514.

1 Gribben, B., Badcock, K., and Richards, B., “Numerical Study of
Shock-Reflection Hysteresis in an Underexpanded Jet,” AIAA Journal,
Vol. 38, No. 2, 2000, pp. 275-283.

12Rodi, W., “The Prediction of Free Turbulent Boundary Layers by the
Use of a Two-Equation Model of Turbulence,” Ph.D. Dissertation, Imperial
College, London, 1972.

13Pope, S., “An Explanation of the Turbulent Round Jet/Plane Jet
Anomaly,” AIAA Journal, Vol. 16, No. 3, 1978, pp. 279-281.

14 Chenault, C., and Beran, P., “K—e and Reynolds Stress Turbulence
Model Comparisons for Two-Dimensional Injection Flows,” AIAA Journal,
Vol. 36, No. 8, 1998, pp. 1401-1412.

15Chenault, C., Beran, P., and Bowersox, R., “Numerical Investigation
of Supersonic Injection Using a Reynolds-Stress Turbulence Model,” AIAA
Journal, Vol. 37, No. 10, 1999, pp. 1257-1269.

16Mehta, R., and Prasad, J., “Estimation of Shock-Cell Structure of Ax-
isymmetric Supersonic Free Jets,” Indian Journal of Engineering and Ma-

terials Sciences, Vol. 3, Aug. 1996, pp. 141-147.

1"pPrudhomme, S., and Haj-Hariri, H., “Investigation of Supersonic Un-
derexpanded Jets Using Adaptative Unstructured Finite Elements,” Finite
Elements in Analysis and Design, Vol. 17, 1994, pp. 21-40.

8Desh, S., and Wolf, D., “Interactive Phenomena in Supersonic Jet
Mixing Problems, Part 1: Phenomenology and Numerical Modeling Tech-
niques,” AIAA Journal, Vol. 22, No. 7, 1984, pp. 905-913.

YDonaldson, C., and Snedeker, R., “A Study of Free Jet Impingement.
Part I. Mean Properties of Free and Impinging Jets,” Journal of Fluid Me-
chanics, Vol. 45, 1971, pp. 281-319.

20Fox, J., “On the Structure of Jet Plumes,” AIAA Journal, Vol. 12, No. 1,
1974, pp. 105-107.

21 Abbett, M., “The Mach Disk in Underexpanded Exhaust Plumes,”
ATIAA Paper 70-231, 1970.

22 Abbett, M., “Mach Disk in Underexpanded Exhaust Plumes,” AIAA
Journal, Vol. 9, No. 3, 1971, pp. 512-514.

23Hagen, K., Heat Transfer with Applications, Prentice—Hall, Columbus,
OH, 1999.

24Vargaftik, N., Tables of the Thermophysical Properties of Liquids and
Gases, 2nd ed., Wiley, New York, 1975.

25Bartosiewicz, Y., Proulx, P, and Mercadier, Y., “Modeling of Turbulent
Supersonic Underexpanded Jets,” Proceedings of the 8th Annual Conference
of the CFD Canada, Vol. 2, CERCA, Montreal, 2000, pp. 953-958.

261 jen, F., and Leschziner, M., “Assessment of Turbulent Transport Mod-
els Including Non-linear RNG Eddy Viscosity Formulation and Second-
Moment Closure,” Computers and Fluids Journal, Vol. 23, No. 8, 1994,
pp- 983-1004.

27Fu, B., and Leschziner, M., “Modeling Strongly Swirling Recirculating
Jet Flow with Reynolds-Stress Transport Closures,” Sixth Symposium on
Turbulent Shear Flows, Toulouse, France, 1987.

28Sarkar, S., and Balakrishnan, L., “Application of a Reynolds-stress
Turbulence Model to the Compressible Shear Layer,” NASA CR 182002,
ICASE, Rept. 90-18, Hampton, VA, 1990.

29Sarkar, S., Erlebacher, G., Hssaini, M., and Kreiss, H., “The Analysis
and Modeling of Dilatational Terms in Compressible Turbulence,” Journal
of Fluid Mechanics, Vol. 227, 1991, pp. 669-677.

30Papamoschou, D., and Roshko, A., “Observations of Supersonic Free
Shear Layers,” AIAA Paper 86-062, 1986.

31Roe, P., “Characteristic Based Schemes for the EulerEquations,”Annual
Review of Fluid Mechanics, Vol. 18, 1986, pp. 337-365.

32Roe, P, “Approximate Riemann Solvers, Parameter Vectors, and Differ-
ence Schemes,” Journal of Computational Physics, Vol. 43, 1981, pp. 357—
372.

33Weiss, J., Maruszewski, W., and Smith, W., “Implicit Solution of the
Navier—Stokes Equations on Unstructured Meshes,” AIAA Paper 97-2103,
July 1997.

34Warren, G., Anderson, W., Thomas, J., and Krist, S., “Grid Convergence
for Adaptative Methods,” AIAA Paper 91-1592,1991.

35Love, E., Grisby, C., Lee, L., and Wooldling, M., “Experimental and
Theoretical Studies of Axisymmetric Free Jets,” NASA TR R-6, 1959.

36 Ashkenas, H., and Sherman, F., “The Structure and Utilization of Super-
sonic Free Jets in Low Density Wind Tunnel,” International Symposium on
Rarified Gas Dynamics, Vol. 2 (Supplement 3), Karlsruhe, Germany, 1966,
pp. 84-105.

37Mclaughlin, D., Seiner, J., and Liu, C., “On the Noise Generated by
Large Scale Instabilities in Supersonic Jets,” AIAA Paper 80-0964, 1980.

M. Sichel
Associate Editor



